We investigate the rheology of strain-hardening spherical capsules, from the dilute to the concentrated regime under a confined shear flow using three-dimensional numerical simulations. We consider the effect of capillary number, volume fraction and membrane inextensibility on the particle deformation and on the effective suspension viscosity and normal stress differences of the suspension. The suspension displays a shear-thinning behaviour which is a characteristic of soft particles such as emulsion droplets, vesicles, strain-softening capsules, and red blood cells. We find that the membrane inextensibility plays a significant role on the rheology and can almost suppress the shear-thinning. For concentrated suspensions a non-monotonic dependence of the normal stress differences on the membrane inextensibility is observed, reflecting a similar behaviour in the particle shape. The effective suspension viscosity, instead, grows and eventually saturates, for very large inextensibilities, approaching the solid particle limit. In essence, our results reveal that strain-hardening capsules share rheological features with both soft and solid particles depending on the ratio of the area dilatation to shear elastic modulus. Furthermore, the suspension viscosity exhibits a universal behaviour for the parameter space defined by the capillary number and the membrane inextensibility, when introducing the particle geometrical changes at the steady-state in the definition of the volume fraction.
Introduction
Capsules are closed elastic polymeric membranes, formed by cross-linking proteins to polysaccharides, and encapsulating a liquid droplet core (Lévy & Edwards-Lévy 1996; Häner et al. 2020) . Their typical diameter spans from a few nanometres to a few millimetres. Capsules are primarily used as controlled delivery systems of active substances with practical applications gearing around pharmaceutical industry (Donbrow 1991; De Cock et al. 2010) , food processing (Sagis et al. 2008) , cosmetics (Miyazawa et al. 2000) , and household products such as paints (Suryanarayana et al. 2008) . The release mechanisms of the active agents cover time scales going from a few seconds to days and can occur either via capsule burst or through slow and prolonged diffusion (Neubauer et al. 2014) . Capsules can exhibit a strain-softening or a strain-hardening behaviour when subject to external stresses depending on the composition of their membrane. Those behaviours can be well recovered with hyperelastic constitutive laws such as Mooney-Rivlin, Neo-Hookean, and Skalak laws (Barthès-Biesel 2016) . Strain-softening capsules will burst under continuous elongation (Li et al. 1988; Walter et al. 2001) , similar to droplets, while strain-hardening capsules can sustain very large deformations without membrane rupture (Barthès-Biesel et al. 2002; Dodson III & Dimitrakopoulos 2008) making them a good model for mimicking biological cells.
Most practical applications of capsules involve many particle interactions, and often different coupled time scales, with non-linearity appearing already on the level of the single particle mechanics. This level of complexity requires a numerical approach to understand the behaviour of suspensions of capsules, the correlation between their microstructure and rheology, and how it compares with well studied systems such as solid particles and emulsions of drops.
The rheology of a dilute suspension of rigid spheres in an unbounded shear flow has been addressed analytically in the original work of Einstein (1906 Einstein ( , 1911 and extended to the second order by Batchelor & Green (1972) to include pair hydrodynamic interactions. Empirical, semi-empirical, and analytical models were proposed in the literature to predict the change of the relative viscosity with the volume fraction of rigid sphere suspensions from the dilute to the concentrated regimes (Eilers 1941; Mooney 1951; Maron & Pierce 1956; Krieger & Dougherty 1959; Frankel & Acrivos 1967) . Experiments and numerical simulations have revealed that a suspension of rigid particles exhibits shear-thinning, Newtonian, and shear-thickening behaviour, respectively, as the shear rate is increased. Both normal stress differences, N 1 and N 2 , have been reported to bear a negative sign with a larger magnitude for N 2 with respect to N 1 . The sign of N 1 is still subject to discussions because its magnitude is very small. Numerical simulations performed by Sierou & Brady (2002) and Gallier et al. (2014 Gallier et al. ( , 2016 have pointed toward the possibility of two distinct physical origins of both normal stress differences. N 2 is associated to particle-particle collisions, while N 1 is mostly of hydrodynamic nature and is significantly affected by the presence or absence of boundaries. Detailed reviews on the rheology of solid particle suspensions can be found in Stickel & Powell (2005) ), Mueller et al. (2010) , and Guazzelli & Pouliquen (2018) .
Non-Newtonian behaviour in the form of shear-thinning has been reported for emulsions of drops, strain-softening capsules, and closed phospholipid bilayer membranes (vesicles). These three classes of deformable particles are characterized by a thin, continuous, and impermeable interface encapsulating an internal fluid. However, the interface mechanical properties are different. They all exhibit a negative N 2 and a positive N 1 , and unlike rigid particles, the magnitude of N 1 is larger than N 2 which most probably indicates a more dominant role of hydrodynamic interactions as compared to particleparticle collisions (Loewenberg & Hinch 1996; Clausen et al. 2011; Matsunaga et al. 2016; Vlahovska & Gracia 2007; Zhao & Shaqfeh 2013; Kaoui et al. 2014) . In analogy to drops, a capillary number, quantifying the shear elastic resistance of the membrane to external stresses, has been widely used in the literature of capsules regardless of the nature of the hyperelastic law and the number of moduli characterizing the membrane mechanics. Bagchi & Kalluri (2010) have shown that for a single strain-hardening capsule under a simple shear flow, the ratio of the area dilatation to shear elastic moduli, characterising the local inextensibility of the membrane, leads to some atypical effects on the intrinsic viscosity and the shear-thinning behaviour. For a non-dilute suspension of anisotropic strain-hardening capsules, Gross et al. (2014) have reported that for small capillary number the impact of the ratio of the area dilatation to shear elastic moduli on the suspension rheology is negligible. To the best of our knowledge the contribution of the local inextensibility of the membrane to the rheology of semi-dilute and concentrated suspensions of initially spherical strain-hardening capsules has so far not been studied. Unfortunately, this field is also lacking experimental data on semi-dilute and concentrated suspensions of capsules despite showing promising applications and future perspectives in areas such as thermal energy storage (Sarı et al. (2010) ), and injectable scaffolds for soft tissue regeneration (Munarin et al. 2010) .
This paper is devoted to the study of a specific class of soft particles, capsules with strain-hardening properties which are traditionally used as a mathematical model for simulating blood cells (Freund (2013) ; Sinha & Graham (2015) ). The purpose here is not to draw an analogy to blood, but rather to understand the key parameters governing the rheological properties of an understudied system in the non-dilute regime while comparing its behaviour with well-studied systems such as rigid spheres and emulsions, and hopefully help to tailor possible experiments or applications based on our results. Our second aim is to investigate the peculiar effects observed by Bagchi & Kalluri (2010) and extend those results to the concentrated limit.
We consider a suspension of initially spherical strain-hardening capsules subject to a confined shear flow in the low particle Reynolds number limit. The fluids inside and outside the capsules are Newtonian and considered to have the same densities and viscosities. Under those conditions the capsules can only undergo a tank-treading motion. We use the Skalak 2D hyperelastic constitutive law ) which provides the capsule membrane with resistances to shear elasticity and local area dilatation. Our study covers a range of volume fractions going from 0.001 to 0.5 and capillary numbers from 0.1 to 1. The shape of the capsules is then a function of the capillary number, the volume fraction, and the membrane local inextensibility. The mean deformation and orientation of the capsules as well as the relative viscosity and normal stress differences are investigated. We use a D3Q19 lattice Boltzmann method (LBM) combined with the immersed boundary method (IBM) and the finite element method (FEM) as described in Krüger et al. (2011) ; Krüger et al. (2013 Krüger et al. ( , 2014 .
The remainder of the paper is organised as follows: We describe the numerical method and the accuracy of the measured quantities in § 2. We then present and discuss our numerical results for the dilute, semi-dilute and concentrated regimes as a function of the parameter C quantifying the inextensibility of the membrane and the capillary number Ca in § 3. The concluding remarks and further discussions are given in § 4.
Simulation approach
The Navier-Stokes equations are recovered in the limit of small Mach and Knudsen numbers by the LBM, which is based on the discretization of the Boltzmann equation in time and phase space (Benzi et al. (1992) ). The LBM describes the evolution of the single particle distribution function f i (x, t) at a position x and time t with a microscopic velocity c i , where i = 1 . . . Q, on a regular D-dimensional lattice in discrete time steps ∆t. We consider in this work a D3Q19 model corresponding to a three-dimensional lattice with Q = 19 velocities. The lattice Boltzmann equation with a Bhatnagar-Gross-Krook (BGK) collision operator Ω i (Bhatnagar et al. 1954) is given by
where τ is a relaxation time related to the fluid kinematic viscosity ν = c 2 s τ − ∆t 2 . c s = 1 √ 3 ∆x ∆t denotes the lattice speed of sound, ∆x is the lattice constant, ω i are lattice weights, u is the macroscopic fluid velocity, and f eq i (x, t) is the equilibrium probability distribution function expressed in terms of a truncated expansion of the Maxwell-Boltzmann distribution valid at small Mach number (M a = |u|/c s 0.1). F i in the RHS of equation 2.1 accounts for an arbitrary external force and will be used here to incorporate the forces exerted by the membrane on the fluid through the immersed boundary method. For a D3Q19 LBM, the lattice weights ω i read as 1/3, 1/18 and 1/36 for i = 1, i = 2 . . . 7, and i = 8 . . . 19, respectively. The macroscopic fluid density ρ and velocity u are deduced from the moments of the discrete probability distribution functions as
For convenience we set the lattice constant, the time step, the fluid mass density, and the relaxation time to unity. The fluid-membrane coupling is achieved using the immersed boundary method (IBM) introduced by Peskin (2002) , where the Lagrangian massless nodes are interacting with the Eulerian fluid nodes using an interpolation function in a two-way coupling scheme: the membrane forces are distributed to the surrounding fluid nodes within the interpolation function range and then the updated fluid velocities are interpolated back to the membrane nodes using the same scheme. The distribution of the membrane forces F m i located at position X i (t) to the adjacent fluid nodes is given by
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where i runs over the membrane nodes located within the interpolation range of a given fluid node x, δ is a three-dimensional approximation of the Dirac delta function, and f (x, t) is the force density acting on the fluid at the Eulerian node x(x 1 , x 2 , x 3 ). Equation 2.5 is incorporated into equation 2.1 in a similar manner to an external body force (e.g. gravity) such as
To avoid jumps in velocities or in the applied forces occurring when the Lagrangian nodes do not coincide with the nodes of the Eulerian grid, the Dirac delta function is usually replaced with a smoother interpolation function (ϕ) of some shape such as δ(x) = ϕ(x 1 )ϕ(x 2 )ϕ(x 3 ). Several distribution functions have been used in the IBM literature for a wide range of applications. For detailed reviews on the IBM and its accuracy, we refer the reader to Mittal & Iaccarino (2005) among other existing works on this topic. In what follows, we use a two-point linear interpolation function as discussed in Krüger (2012), which is given by
where ξ can denote x 1 , x 2 , or x 3 . The capsule is modelled as a two-dimensional hyperelastic thin shell encapsulating an inner fluid and suspended in an outer fluid. The interior and exterior fluids are considered here to be Newtonian with the same densities and viscosities. The membrane of the capsule is discretized into a triangular mesh and endowed with a resistance to in-plane deformations. The capsule stress-free shape is initialised as a sphere in all our simulations. We should stress that the bending resistance is not considered in this study to limit the number of controlling parameters. The volume of the capsules is prescribed using a penalty function that reads as
where κ v is a modulus that controls the deviation from the reference volume V 0 corresponding to the stress-free shape. We consider the case of a strain-hardening membrane using the hyperelastic law introduced by Skalak (1973) , where the in-plane elastic deformations are governed by shear and area dilatation resistances. In terms of the deformation invariants, I 1 = λ 2 1 + λ 2 2 − 2 and I 2 = λ 2 1 λ 2 2 − 1, where λ 1 and λ 2 are the principal stretching ratios on an element of the membrane surface, the Skalak constitutive law describing the strain energy of a membrane patch reads as
Here, G s is the elastic shear modulus and C is a constant related to the strain-hardening nature of the membrane through the scaled area dilatation modulus G a such as G a /G s = 1 + 2C, so to say increasing the value of C increases the local inextensibility of the membrane. In the small deformation limit, C and the surface Poisson ratio (ν s ) are related by C = νs 1−νs (Barthès-Biesel et al. (2002)). To avoid overlap between capsules in densely packed systems, we introduce a short range repulsion force intended to mimic the normal component of the lubrication force as suggested by Glowinski et al. (2001) that acts when the distance between two nodes from different capsules is below the fluid resolution limit of the LBM. This force vanishes at a node-to-node distance d ij above one lattice unit and is given by
where¯ is the interaction strength. At the beginning of the simulations, the capsules are initialised with a scaled radius and seeded to random positions within the physical domain. The radius of the capsule is increased in time with a fixed growth rate until reaching the desired size which results in a densely packed suspension of particles with volume fractions up to φ = 0.5 in this study. During this process, the capsules are subject to the deformations resulting from the particle-particle interaction as described earlier.
The Reynolds number at the scale of the particle is defined by
where ρ and µ 0 = ρν are the fluid density and dynamic viscosity, andγ is the shear rate.
In all our simulations, the particle Reynolds number is kept below 0.03. The capillary number describing the deformation of a capsule in a shear flow is written as
where τ el = µ 0 r/G s is a time scale associated to the elasticity of the capsule. To determine the bulk rheological properties, we start by evaluating the average particle stress tensor by following the work of Batchelor (1970) . The average particle stress is given by
where i and j are indices referring to Cartesian directions, N α=1 is a sum over the number of particles N in the averaging volume V D , n the number density, S the particle stresslet, X is a Lagrangian node on the membrane and F m the surface force density exerted by the membrane on the fluid. The relative viscosity of the suspension µ r is expressed as
( 2.14) The normal stress differences and the particle pressure can be deduced from the average particle stress tensor such as
The deformation of a capsule in the shear plane can be described using a dimensionless number introduced for droplets by Taylor (1934) . The Taylor deformation parameter is defined as
where r 1 and r 3 are the major and minor semi-axes of an ellipsoid having the same tensor of inertia as the deformed capsule. This method has been described in Ramanujan & Pozrikidis (1998) )). The ellipsoid radii are defined as
(2.17) where I 1 , I 2 , and I 3 are the eigenvalues of the tensor of inertia.
The rheology and microstructure of suspensions of strain-hardening capsules up to a volume fraction of 0.5 are studied for capillary numbers ranging from Ca = 0.1 to 1. The computational domain is a cube with a side length L = 128∆x. The domain is biperiodic along the flow and vorticity directions, respectively x and y directions, and bounded by two planar walls in the z direction. We impose a velocity boundary condition at the walls to generate the driving shear flow as described in Hecht & Harting (2010) . The number of particles is varied from 1 to 500 corresponding to φ ≈ 0.001 and φ ≈ 0.5, respectively. Each particle is discretized with 1280 triangles and 642 nodes, and initialized as a sphere with a radius R = 8∆x. The position of the particles is updated using a forward Euler integration scheme. To limit the number of parameters influencing the capsule deformation and rheology, the bending stiffness is not taken into account and the viscosity contrast between the inner and outer fluids is fixed to unity. The relative error on the capsule's volume defined as For suspensions, the measured quantities are obtained from an average over the number of particles and over time. The time average is performed after the initial transient state corresponding to approximately the first 10 strain units. A test simulation of a domain size of 256 3 lattice sites with 1200 capsules corresponding to φ ≈ 0.15 and for Ca = 0.5 showed that the relative error with respect to a 128 3 system is around 0.7% for the mean Taylor deformation index and 0.6% for the relative viscosity. Each simulation required 64 cores on a current supercomputer and ran for a few million time steps corresponding to one to two weeks of calculation time depending on the number of particles and the capillary number. Details on the performance of our code can be found in Aouane et al.
.
Results

Behaviour of a single capsule in a shear flow
In order to validate our approach, we first limit our simulations to the case of single initially spherical Skalak capsules. Our simulation domain is bounded by two parallel walls and the confinement is set to C n = 2R/L = 0.125, so that the effect of the boundaries can be neglected. A schematic representation of the simulation setup, together with examples of steady state shapes for different Ca and C, are depicted in Fig. 1 . The intrinsic viscosity, the normal stress difference, the steady Taylor deformation index and the orientation angle between the major axis of the particle and the flow direction as functions of Ca (for different values of C) are plotted in Fig. 2 and compared with numerical results obtained using the boundary element method (Lac et al. (2004) ) and the front-tracking method (Bagchi & Kalluri (2010) ), showing good agreement. We next move to explore systematically the parameter space spanned by (Ca, C), with Ca ∈ [0.1; 1] and C ∈ [1; 7500]. The corresponding data on steady-state elongation, inclination angle, intrinsic viscosity and first normal stress difference are reported in Fig. 3 . We see, from the symbols in Fig. 3(c) , at fixed C, that [µ] decreases with Ca, denoting a shear-thinning character. The latter, in turn, appears to be directly correlated to an increase of the elongation of the capsule (Fig. 3(a) ) and a decrease of its orientation with respect to the flow direction ( Fig. 3(b) ), similarly to what has been reported for drops, vesicles, and strain-softening capsules. Moreover, a clear effect of C on the various observables can be detected: as C grows, their dependence on Ca gets weaker. In particular, the steady Taylor parameter D suggests that the particle is less and less deformed, i.e. it approaches the limit of a rigid sphere. Correspondingly, [µ] varies less and less with Ca and eventually the shear-thinning is suppressed. For sufficiently large C, then, a very dilute suspension of strain-hardening capsules tends to behave rheologically as a suspension of rigid spheres (notice also that N 1 tends to zero, Fig. 3(d) ), albeit with an intrinsic viscosity surprisingly slightly larger than the Einstein coefficient [µ] = 5/2 (we found, as a limiting value for C 1, [µ] ≈ 2.8; see also Bagchi & Kalluri (2010) for comparison).
Suspensions: structure
We investigate the multi-particle case and the dependence of particle shape and suspension rheological properties on the parameters describing the system, namely Ca, C, and φ. We scan the parameter space (Ca, C, φ) within the ranges Ca ∈ [0.1, 1], C ∈ [10 −3 , 7.5 × 10 3 ] and φ ∈ [10 −3 , 0.5]. Examples of steady-state configurations of the suspension are shown in Fig. 4 , for fixed Ca = 1, φ = 0.5 and for four different values of C = 0.1, 10, 150, 7500.
In this subsection we focus on particle morphologies, characterized in terms of the Taylor deformation parameter and the semi-axes of the equivalent ellipsoid, whereas in the next one we will study the rheological properties of the suspensions, highlighting their relations with the structure. Analogously to the single particle case, the mean Taylor parameter D of the suspension decreases with increasing C (Fig. 5(a) ), with a steepest descent for 1 < C < 10 3 , which confirms that capsules become less deformable and tend to resemble rigid particles. We recall, though, that such a parameter contains information only on two of the three semi-axes of the equivalent ellipsoid. To get a deeper insight, then, we present all three of them separately in Fig. 5(b-d) . Interestingly, a non-monotonic behaviour is found for r 1 and r 2 (the semi-axes in the flow and vorticity directions, respectively) for 0.1 < C < 10. In particular, for decreasing C < 10, r 2 , whose direction is orthogonal to the elongational one, grows. Moreover, r 2 stays always larger than r 3 , indicating that particles, on average, are not spheroids (eventually, for very large C particles approach the undeformable limit and the quasi-spherical shape, r i → r for i = 1, 2, 3, is recovered). In this sense, capsules display a lower level of symmetry than droplets, which is to be attributed to the non-linear elastic characteristics of the membrane. Notice, in fact, that the behaviour persists across the various volume fractions explored, even for the lowest φ (corresponding to the single particle case), suggesting that the effect originates from the properties of the single particle stress tensor. Next, we consider how the particle deformation depends on the applied load, for given material properties.
It is tempting, first of all, to investigate how the peculiar behaviour for small/moderate C's shows up across different shear values. In figure 6(a-c) we report the variation of r i for single capsules with C = 0.1, 1, 10, as a function of Ca. As Ca increases, the capsules get, obviously, more elongated in the extensional flow direction (r 1 grows), but the two minor semi-axes display opposite trends, depending on the value of C: while r 3 , as expected, decreases (for all C), r 2 (the one aligned with the vorticity direction) grows for C < 1. For the smallest C considered, C = 0.1, we need, therefore, to find an equivalent breadth, r (eq) ⊥ quantifying the degree of shrinkage or expansion of the capsule in the equatorial plane. We define this r (eq) ⊥ as the ratio of the length of the membrane cross-section (an ellipse) over 2π (such that it would be precisely the minor axis, if the capsule were a prolate spheroid), i.e. r (eq)
, where E(x) is the complete elliptic integral of the second kind (Abramowitz & Stegun (2012) ) and (r 2 , r 3 ) = 1 − r3 r2 2 is the eccentricity of the ellipse. In figure 6(d) , we plot the transversal deformation, represented by r (eq) ⊥ versus the elongation, r || ≡ r 1 , both normalised by the rest radius r, for the capsule with C = 0.1. It can be seen that, although r (eq) ⊥ /r never exceeds 1, i.e. overall the membrane cross-section shrinks with respect to the equilibrium shape, there is a range of Ca for which it expands as the capsule is elongated. This is an intriguing behaviour, in fact the opposite of the slope of the curve in Fig. 6(d) ,ν s = − dr (eq) ⊥ dr || , can be interpreted as a local Poisson's ratio, which is negative for 1.3r < ∼ r || < ∼ 1.7r. This observation hints at a sort of local (in shear) "auxeticity" (Evans et al. (1991) ) of membranes obeying a Skalak-type constitutive law with low values of the membrane inextensibility parameter.
In figure 7(a) we show the average Taylor deformation parameter as function of Ca, for various φ's. Two sets of data corresponding to C = 50 (closed symbols) and C = 150 (open symbols) are reported. The deformation grows as D ∼ Ca for small capillary numbers, as expected, and then sub-linearly as the Ca increases (eventually we observe a logarithmic dependence D ∼ log(Ca), in agreement with previous numerical (Dodson III & Dimitrakopoulos 2010) and experimental (Hardeman et al. 1994) findings), reflecting the strain-hardening character of the capsules. It can be asked whether one may find a functional form that allows to recast the variability among curves into a single curve shape parameter, Ca * (φ, C), that is
where A is a constant prefactor and the function g(x) has to be chosen such that it reproduces and connects both behaviours at small and large Ca, that is g(x) ∼ x as x → 0 and g(x) ∼ log(x) for x 1. This is indeed possible and we show it in figure  6(a) . There, the fits, indicated by the dashed lines, are obtained from equation (3.1), choosing for the function g the expression g(x) = log(1 + x), with the same A = 0.1 and, from bottom to top, Ca * = 0.13, Ca * = 0.07, and Ca * = 0.037, respectively. For a fixed capillary number, D increases linearly with the volume fraction φ, similarly to suspensions of drops and neo-Hookean capsules (Loewenberg & Hinch 1996; Frijters et al. 2012; Matsunaga et al. 2016) . Conversely, the larger is the membrane inextensibility C, the less deformed are the capsules.
Given the self-similar form of (3.1), we would like to find a universal curve for D , through a proper definition of an effective capillary number Ca eff . The enhancement of deformation with φ can be interpreted as an effect of larger viscous stresses around the particle, due to the fact that the effective viscosity of the suspension increases with the volume fraction (this aspect will be discussed in more detail in the next subsection). This suggests that we should replace, in Ca eff , the "bare" dynamic viscosity with the effective one, µ 0 → µ eff = µ 0 (1+[µ]φ). Here we assume, for simplicity, linearity in φ and a constant (with Ca and C) intrinsic viscosity, equal to its large C limit, [µ] ≈ 2.8 (see section 3.1).
Furthermore, we note that for a non-zero membrane inextensibility, it is more ap- Figure 6 . Steady-state semi-axes (normalized by the reference radius) as a function of Ca for capsules with C = 0.1, 1, 10 (a-c) (the legend is indicated in (a)). Transversal deformation versus elongation (normalized by the reference radius) for a capsule with C = 0.1 (c).
propriate to base the capillary number on the Young's modulus instead of the shear modulus (Barthès-Biesel & Rallison (1981) ). We propose to replace G s with E s = (2+4C) (1+C) G s . However, this might not be sufficient. In fact, the imposed constraint of volume conservation, for a spherical equilibrium shape, effectively entails an extra-tension on the surface, since the capsules tend to become essentially undeformable as the area dilatation modulus is increased. This can be accounted for by the substitution
(β being a free parameter, which we set hereafter to α = 0.07) in the effective capillary number, which then finally reads
When plotted as function of Ca eff , the values of D for different φ and C collapse onto a single master curve, as shown in figure 7(b) . Such curve can be also fitted using (3.1), with A = 0.1 and Ca * eff = 4 × 10 −3 . Notice that the existence of a single Ca * eff capable to fit all data sets upon the rescaling (3.3) is equivalent to say that the dependence of the curve-shape parameter Ca * on Ca and C is such that Ca * ∝ 
C a e f f ( φ,C ) 
Suspensions: rheology
We now consider the rheological response of the system, assessed by the suspension relative viscosity and normal stress differences. In figure 8, we plot N 1 and N 2 at Ca = 1 as a function of the membrane inextensibility for various volume fractions. We see that both (though, N 2 only weakly) show a non-monotonic dependence on C, a behaviour that is enhanced as φ is increased. In particular, N 1 initially grows with C, reaches a peak at C ≈ 10, and then starts to decrease. We argue that these features might be correlated to the peculiar anisotropisation of capsules, as depicted by the analysis in figure 5 . For emulsions and strain-softening capsules, the magnitude of N 1 is significantly larger than the magnitude of N 2 , whereas the opposite is true for suspensions of rigid particles. N 1 and N 2 are known to be correlated to hydrodynamic interaction, and particle-particle collisions, respectively (Guazzelli & Pouliquen (2018) ). We find that for strain-hardening capsules N 1 is positive while N 2 has a negative sign, and the magnitude of N 1 is larger than N 2 . Interestingly, the ratio of magnitudes |N 1 |/|N 2 | diminishes with the increase of C. Therefore, it is in principle possible, by tuning their deformability through C, to cause collections of such soft particles to behave rheologically more as emulsion-like or suspension-like systems. The relative viscosity µ r of suspensions of capsules with C = 0.1, 1, 10, 150 is reported in figure 9 (a) as a function of the volume fraction φ, with Ca ranging in [0.1, 0.5].
As for other types of suspensions of rigid or deformable particles, the growth of µ r is approximately linear for φ < ∼ 0.1 and then becomes steeper. The shear-thinning character of the suspension of capsules can be appreciated: for a given volume fraction, in fact, µ r tends to decrease with Ca (the larger φ the more evident is the shear-thinning), but the spread is reduced for larger C. In order to find a universal behaviour of the relative viscosity across the various shear rates, recently Rosti et al. (2018) introduced the notion of a reduced effective volume fraction, calculated using for the capsule volume (when they are in the deformed state), that of a sphere with a radius equal to the smallest particle semi-axis r 3 , i.e. Φ eff = 4 3 πr 3 3 . The rationale behind this approach is that the dynamically "active" direction is the velocity gradient (wall-normal direction) and, since the deformed particles do not tumble and tend to align with the flow direction, then the relevant length is the minor axis. For r 3 , the average value as measured in the simulations was taken. Here, we propose to relate r 3 to the radius at rest r through the Taylor deformation parameter D. To this aim, let us assume the particles to be prolate ellipsoids with r 1 > r 2 = r 3 (this is an approximation that allows to close the problem, although we know that the specific relation among the three axes depends on the value of membrane inextensibility C). r 1 and r 3 enter in the expression of D (equation (2.16)), that can be inverted as
Due to volume conservation we have r 3 = r 1 r 2 3 and therefore r 3 = 1+D 1−D r 3 3 , which implies
If we now define, as in Rosti et al. (2018) , the effective volume fraction as Φ eff ≡ 4 3 π r 3 3 n and assume (3.5) to be valid also for average quantities in the suspension, we get
As we learned from the previous section, D , in turn, depends on φ, on the capillary number and on C. If we plug equation (3.1) inside (3.6), with the rescaled effective capillary number, (3.3), and we plot µ r as a function of the obtained Φ eff , we do not observe, though, a very good overlap of the data (see inset of Fig. 9(a) ). We ascribe this partial failure to the fact that our strain-hardening capsules are not precisely aligned with the flow direction, especially for the largest values of C (see Fig. 2(b) ). Consequently, the relevant, flow-orthogonal, length is not exactly r 3 , but the vertical semi-axis of the ellipse, resulting as the section of the particle ellipsoid on a plane perpendicular to the flow direction (and crossing its centre). It is easy to show, by geometrical arguments, that such length is = r 3 1+b 2 1+ r 3 r 1 2 b 2 , where b = tan(θ), and θ is the inclination angle. If we define the effective volume fraction in terms of this length (and recalling that r 3 /r 1 = (1 − D)/(1 + D)), equation (3.6) becomes
(3.7)
The parameter b itself depends, through θ, on Ca and C. However, for simplicity, we consider it here as a fit constant, taking for θ values restricted to the range in Fig. 2(b) . In particular, for θ = π 5 (b ≈ 0.726), we get a nice collapse of all data sets onto a single master curve which can be well fitted, among others, with an Eilers function (Eilers (1941) 
(3.8)
with parameters B = 1.4 and Φ m = 0.7 ( figure 9(b) ). Choosing B = 1.7 and Φ m = 1.2 also the branch at large Φ eff can be fitted, but these are somehow not sound values. We argue, instead, that the deviations from the Eilers fit (which occur for the set of data corresponding to the largest C = 150 and φ = 0.4, 0.5) are due to the fact that under these conditions important hydrodynamic correlations emerge which cannot be simply adhered to a reduced volume effect. Let us stress that the relation (3.6), as much as in the approach of Rosti et al. (2018) , needs an empirical input (the function g(x) in (3.1)). However, for small effective capillary number, it is possible to approximate g with its linear part, thus providing a closed and explicit expression for Φ eff (Ca, C, φ) and, consequently, an explicit dependence of the relative viscosity µ r on Ca, C and φ.
Conclusions
The rheology of a suspension of strain-hardening capsules is investigated numerically from the dilute to the concentrated regimes in a simple shear flow. We have addressed the role of the capillary number, the membrane inextensibility and the volume fraction on the microstructure and the global rheology. Our results for a single strain-hardening capsule show that the particle deformation diminishes drastically with the increase of membrane inextensibility, and as a consequence the shear-thinning behaviour is hindered. This transition is enhanced with the increase of the volume fraction. As a consequence, a non-monotonic behaviour of the normal stresses is observed, while the viscosity shows a non-linear monotonic dependence on the membrane inextensibility. Last but not least, the viscosity of a suspension of strain-hardening capsules with an average ellipsoidal steadystate shape shows a universal behaviour across the various shear rates and membrane inextensibility range explored in this study when including the changes in the orientation and elongation of the particles in the definition of the effective volume fraction. The viscosity can then still be approximated by an Eilers or other equivalent equation even in the concentrated limit.
